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Abstract 

The generalized Killing equations for the configuration space of spin- 
ning particles (spinning space) are analysed. Simple solutions of the ho- 
mogeneous part of these equations are expressed in terms of Killing- Yano 
tensors. The general results are applied to the case of the four-dimensional 
euclidean Taub-NUT manifold. 
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1 Spinning particles and constants of motion 

The pseudo-classical limit of the Dirac theory of a spin 1/2 fermion in curved 
space-time is described by the supersymmetric extension of the usual relativistic 
point-particle [1]. The configuration space of spinning particles (spinning space) 
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is an extension of an ordinary Riemannian manifold, parametrized by local coor- 
dinates {x 11 }, to a graded manifold parametrized by local coordinates {x^,^}, 
with the first set of variables being Grassmann-even (commuting) and the sec- 
ond set Grassmann-odd (anti-commuting). The equation of motion of a spinning 
particle on a geodesic is derived from the action: 

S = J dr (± giu ,(x)drV + l -g, u {xW^j • (1) 
The corresponding world-line hamiltonian is given by: 

H = \gr^ (2) 

where IT^ = g^ v x u is the covariant momentum. 

For any constant of motion J~(x, II, ip), the bracket with H vanishes, {H, J~} = 
0, with the Poisson-Dirac brackets for functions of the covariant phase-space 
variables (x,U,ip) defined by 

r „ „ „ dG dF _ „ _ OF 8G . ,„ dF dG 
where the notations used are 

r) F f)F i 

^F = a, + r^n AM --r^^x ; ^ = -rrR P ^ (4) 

and dp is the Grassmann parity of F : dp — (0, 1) for F=(even,odd). 
If we expand J[x, II, tp) in a power series in the canonical momentum 

OO 1 

j= y: -j^-^(x,m^---^ n (5) 

n=0 n - 

then the bracket {H, J~} vanishes for arbitrary I1 M if and only if the components 
of J satisfy the generalized Killing equations [1] : 

d 7 (n) 

rr{n) | (^l---Mn -per I X _ % j,p.i,a D sr(n+l)v / R \ 

J(j il ...H n ;it n+1 ) "! ^ i Mn+i)AV ; - V V(W^ Ml-Mn) W 

where the parantheses denote full symmetrization over the indices enclosed. 

The solutions of the generalized Killing equations (6) can be divided into two 
clases [2,3]: generic ones, which exists for any spinning particle model (1) and 
non-generic ones, which depend on the specific background space considered. To 
the first class belong proper-time translations and supersymmetry, generated by 
the hamiltonian and supercharge: 

Qo = n^". (7) 
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In addition there is also a "chiral" symmetry generated by the chiral charge 

r-^w.f'-r (8) 

and a dual supersymmetry whose generator is 

Q* = *{r*, Qo} = j^y^.^r 2 (9) 

where d is the dimension of space-time. 

The non-generic conserved quantities depend on the explicit form of the met- 
ric g^ v (x). It was a great success of Gibbons et al.[3] to have been able to 
prove that the Killing- Yano tensors can be understood as objects generating 
non-generic supersymmetries. A tensor / m ...^ r is called Killing- Yano of valence 
r if it is totally antisymmetric and satisfies the equation 

//n.../v-i(Mr;A) = 0. (10) 

In order to solve the system of coupled differential equations (6) one starts 
with a J^l\^ n solution of the homogeneous equation: 

d 7 (n) 

This solution is introduced in the r.h.s. of the generalized Killing equation 
(6) for and the iteration is carried on to n = 0. 

\ / ...fj, n — i 

In fact, for the bosonic sector, neglecting the Grassmann variables {V^}, all 
the generalized Killing equations (6) are homogeneous and decoupled. The first 
equation shows that j7o is a trivial constant, the next one is the equation for the 
Killing vectors and so on. In general, the homogeneous equation for a given n 
defines a Killing tensor of valence n and jjfi „ IP 1 . . . IP™ is a first integral of 
the geodesic equation [4]. 

For the spinning particles, even if one starts with a Killing tensor of valence 
n, solution of eq.(ll) in which all spin degrees of freedom are neglected, the 
components i7^K m (m < n) will receive a nontrivial spin contribution. 

In what follows we should like to stress that the very starting homogeneous 
equation (11) can have solutions depending on the Grassmann coordinates {^j. 
That is the case of the manifolds admitting Killing- Yano tensors. For example, 
for the first equation (11), i.e. n = 0, 

j (0) = \f,urr (12) 

is a solution if f^ u is a Killing- Yano tensor covariantly constant. Moreover 
is a separately conserved quantity. 
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Going to the next equation (11) with n — 1, a natural solution is: 

J™ = RJxa^r (13) 

where is a Killing vector (Rt^-u) — 0) and again f\ a is a Killing- Yano tensor 
covariantly constant. Introducing this solution in the r.h.s. of the eq. (6) with 
n — 0, after some calculations, we get for 

j {0) = '-R^fxaVr^r (14) 

where the square bracket denotes the antisymmetrization with norme one. Fi- 
nally, from eq.(5) with the aid of eqs.(13) and (14) we get a new constant of 
motion which is peculiar to the spinning case: 

j = f»vW (^n A + l -R [x , a ^ x r) ■ (is) 

Another -0-dependent solution of the n = 1 eq.(ll) can be generated from a 
Killing- Yano tensor of valence r: 

j^ = f^ 2 ..., r r 2 ...r r . (i6) 

Following the above prescription we get for 

J {0) = ^(-^fi^r^V 1 ■ ■ ■ (17) 

and the constant of motion corresponding to these solutions of the Killing equa- 
tions is: 

Q f = u,..^r 2 ...r r + ^(-iy +1 fw.„ r+1] r i ■ --v r+i - (is) 

Therefore the existence of a Killing- Yano tensor of valence r is equivalent to 
the existence of a supersymmetry for the spinning space with supercharge Q/ 
which anticommutes with Q . A similar result was obtained in ref. [5] in which it 
is discussed the role of the generalized Killing- Yano tensors, with the framework 
extended to include electromagnetic interactions. 

Finally, we should like to mention the special case of a covariantly constant 
tensor „, symmetric in the first r indices and antisymmetric in the remaining 
ones. Using such kind of tensor, the Killing equations are decoupled even in the 
spinning case, the quantity J^} \ Jl^ 1 . . . rP r -0 Mr+1 . . . ip^™ being conserved along 
the geodesies. 

In the main, with some ability, it is possible to investigate higher orders 
of eq.(ll), but it seems that one cannot go too far with simple, transparent 
expressions. Instead of that, we shall apply the above constructions to a concret 
case, namely the four-dimensional euclidean Taub-NUT manifold. 
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2 Taub-NUT spinning space 



Much attention has been paid to the Euclidean Taub-NUT metric, since in the 
long distance limit the relative motion of two monopoles is described approxi- 
mately by its geodesies [6,7]. As it is well known, the geodesic motion of the 
Taub-NUT metric admits the Kepler-type symmetry [8-11]. On the other hand, 
the Kaluza-Klein monopole of Gross and Perry [12] and Sorkin [13] was obtain by 
embedding the Taub-NUT gravitational instanton into five-dimensional Kaluza- 
Klein theory. 

In a special choice of coordinates the euclidean Taub-NUT metric takes the 
form 

ds 2 = V(r) (dr 2 + r 2 d6 2 + r 2 sin 2 Odtp 2 ) + 16m 2 V~ l (r)(dx + cos Odtp) 2 (19) 

with V(r) — 1 + ^r. There are four Killing vectors [8-11] 

D A = # i A d lt , 4 = 0,. -.,3 (20) 

corresponding to the invariance of the metric (19) under spatial rotations (A = 
1,2,3) and \ translations (A = 0). In the purely bosonic case these invariances 
would correspond to conservation of angular momentum and "relative electric 
charge" [8-10]: 

-> r 

j = f x p + q - . (21) 
r 

q= lQm 2 V(r)(x + cos9(p) (22) 

where p = yjyj? is the "mechanical momentum" which is only part of the mo- 
mentum canonically conjugate to f. 

Finally, there is a conserved vector analogous to the Runge-Lenz vector of the 
Kepler-type problem 



K 



2 M 



px j + 



— AmE ] - 

4m / r 



(23) 



where the conserved energy E, from eq.(2), is 



E= l -g^Yl,Yl p = l -V~\r) 



■J2 

r + 



V4m/ 



(24) 



In the Taub-NUT geometry there are known to exist four Killing- Yano tensors 
[9]. The first three Killing- Yano tensors are covariantly constants (with 
vanishing field strength) 



fi = 8m(dx + cos 



4m 

A dxi — €ijk(l H )dxj A dxk- 



(25) 
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The fourth Killing- Yano tensor is 

f Y = 8m{dx + cos 9d(p) A dr + 4r (r + 2m) (1 + -^-) sin 6d6 A dy? (26) 

and having only one non-vanishing component of the field strength 

/y^ = 2(l + ^)rsiii6l. (27) 

The corresponding supercharges (18) constructed from the Killing- Yano ten- 
sors (25) and (26) are Qi and Qy. The supercharges Qi together with Q from 
eq.(7) realize the N=4 supersymmetry algebra [14]: 

{Qa,Qb} = -2i5abH , A,B = 0,...,3 (28) 

making manifest the link between the existence of the Killing- Yano tensors and 
the hyper-Kahler geometry of the Taub-NUT manifold. 

Starting with these results from the bosonic sector of the Taub-NUT space one 
can proceed with the spin contributions. The first generalized Killing equation 
(6) shows that with each Killing vector R^ A (20) there is an associated Killing 
scalar B A [15]. A simple expression for the Killing scalar was given in Ref.[14]: 

b a = l -R AlM . v] rr- (29) 

Therefore the total angular momentum and "relative electric charge" become 
in the spinning case 

J = B + j (30) 
J = B + q (31) 

where J = (J 1 , J 2 , J 3 ) and B = (B 1 , B 2 , B 3 ). 

The above constants of motion are super invariant: 

Ua,Qo} = ; A = 0,...,3. (32) 

The Lie algebra defined by the Killing vectors is realized by the constants of 
motion (30), (31) through the Poisson-Dirac brackets (3). 

Similarly, introducing the Killing tensors K^ v (23) into the r.h.s. of the second 
generalized Killing equation (6) we get that the corresponding Killing vectors TZ^ 
have a spin dependent part [16] 

n ii = R li + 4 (33) 

where R^ are the standard Killing vectors. The -0-dependent part of the Killing 
vectors contribute to the Runge-Lenz vector for the spinning space 

IC = ^K^ ■ x»x v + ^ • x». (34) 
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In terms of the supercharges Qi and Qy, the components of the Runge-Lenz 
vector K, are given by [14] 

£i = i{QY,Qi} , i = 1,2,3. (35) 
The non- vanishing Poisson brackets are (after some algebra): 

{Jj, Jj} = eijk-Jk (36) 
{Ji,K.j} = tijkKk (37) 

{/Cj,/Cj} = ^g^2 ~ 2 ^ e ijkJk (38) 

similarly to the results from the bosonic sector [9]. 

Taking into account the existence of the Killing- Yano covariantly constants 
tensors fi (25), three constants of motion can be obtained using the prescription 
(12): 

Si= % -f ilw W , 1,2,3 (39) 

which realize an SO (3) Lie-algebra similar to that of the angular momentum 
(36): 

{S l ,S J } = e l:jk S k . (40) 

These components of the spin are separately conserved and can be combined 
with the angular momentum J to define a new improved form of the angular 
momentum Jj = Jj — Si with the property that it preserve the algebra 

{hjj} = tijkh (41) 

and that it commutes with the SO (3) algebra generated by the spin Si 

{Ii,S s } = 0. (42) 

Let us note also the following Dirac brackets of Si with supercharges 

{Si, Qo} = ; {S^ Qj} = -(SijQo + e ijk Q k ). (43) 

We can combine these two SO (3) algebras (40), (41) to obtain the generators 
of a conserved 50(4) symmetry among the constants of motion, a standard basis 
for which is spanned by Mf~ = Jj ± 5j [14] . We should like to remark that there 
is no spin component like in equation (39) to be used for a improved "relative 
electric charge" J . The reason is that the fourth Killing- Yano tensor f Y (26) is 
not covariantly constant. Of course, we can add to J a combination of the three 
separately conserved quantities 5j but this is not a natural "improved relative 
electric charge". Moreover, it is impossible to modify a particular solution J 
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(31) of the generalized Killing eq.(6) for n = and Killing vectors in the r.h.s. by 
adding solutions of the homogeneous part of this equation in order to recover the 
conserved quantity (22) from the standard Taub-NUT case as it was suggested 
inRef.[17]. 

In fact, from equation (31), in the spinning case, q is not separately conserved 
and we have [15]: 

q( Jo -q)= qB = -B B = tT.. (44) 

(4m + r) s 

Therefore, q is not separately conserved in the spinning space excepting the 
case I\ = 0. can be zero if there is a relation between Grassmann variables ^ . 
Such a relation can be realize impossing, for example, Q = 0. This constraint can 
be correlated with the absence of an intrinsic electric dipole moment of physical 
fermions (leptons and quarks) [1]. The conservation of Qo guarantees that this 
condition can be satisfied at all times, irrespective of the presence of external 
fields. 

However, in general, the motion of a spinning particle governed by the ac- 
tion (1), does not fix the value of the supercharge Qo- We have the freedom 
to choose its value and any choice gives a consistent model [1]. On the other 
hand, in Refs. [15,18], a simple exact solution of the generalized Killing equations, 
corresponding to trajectories lying on a cone, is given. Again this particular solu- 
tion requires that r* = and the constant of motion J reduces to the standard 
"relative electric charge" q. 

Finally, let us consider a solution of the homogeneous eq. (11) for n — 1 of 
the type (13). Using the Killing vectors (20) and the Killing- Yano tensors (25) 
we can form the combinations: 

JaI = R A ,f 3 x^ X r, A = 0, ... ,3; j = 1,2,3. (45) 
After some algebra we get the new constants of motion of the form (15): 

= -USjJ A , A = 0,...,3;j = l,2,3 (46) 

where we used eqs.(15), (29-31) and (39). Strictly speaking, the constants Jaj are 
not completly new, being expressed in terms of the constants J a and Sj. However, 
the combinations (46) arise in a natural way as solutions of the generalized Killing 
equations and appear only in the spinning case. Moreover, we can form a sort of 
Runge-Lenz vector involving only Grassmann components: 

L i = —e ijk S j J k ; i,j,k = l,2,3 (47) 
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(48) 
(49) 



(50) 



{Li, Qj} = — (e ijk Q J k - 5ijQ k M k + Q i M j ) . 



(51) 



3 Concluding remarks 

The constants of motion of a scalar particle in a curved spacetime are deter- 
mined by the symmetries of the manifold, and are expressible in terms of the 
Killing vectors and tensors, i.e. if a spacetime admits a Killing tensor ^ of 
valence r, then the quantity i^ .^rP 1 . . . IP r is conserved along the geodesic. 
On the other hand, the Killing- Yano tensors can be understood as objects gener- 
ating non-generic supersymmetries [3]. They have been also used to investigate 
the motion of spinning particles including electromagnetic interactions [5] and 
torsion [19]. The aim of this paper was to point out the role of the Killng-Yano 
tensors to generate solutions of the homogeneous parts of the generalized Killing 
equations. This solutions must be included in the complete solution of the system 
of coupled Killing equations. The general procedure was applied to the particu- 
larly case of the Taub-NUT spinning space. The extension of this results for the 
motion of spinning particles in spaces with torsion and/or in the presence of an 
electromagnetic field will be discussed elsewhere. 
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